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Axially Symmetric Director Configurations 
of Inverted Neiiiatic Emulsions 

HOLGER STARK and JOACHIM STELZER 

Institutfur Theoretische und Angewandte Physik, Universitat Stuttgart, Pfaffen- 
waldring 57N1, 0-70550 Stuttgart, Germany 

Director configurations for inverted nematic emulsions with axial symmetry are evaluated. In 
particular, a chain of two water droplets in a spherically confined nematic solvent is investi- 
gated by employing the finite element technique. We confirm an experimental observation 
that the distance d of the point defect from the surface of a water droplet scales with the 
radius y of the droplet like d = 0.3 y. When the water droplets are moved apart, we find that 
the point defect does not stay in the middle between the droplets, hut rather forms a dipole 
with one of them. 

Keywords: complex geometries; topological defects 

INTRODUCTION 

For several years now, an extensive stiidy has been devoted to liquid crys- 
tals coiifined to complex geometries, like drops in a polymer iiiatrix or 
a random porous iietworlc in silica aerogel.['l This article presents a nu- 
merical investigation of the inverse problem, which is posed by particles 
siispendeci in a iieiiia.tic. so l~e i i t . [~-~]  we aMress recent work on inverted 
iieiiiatic eiiiulsions where surfactant-coated water droplets are dispersed 
in a iieiiiatic solveiit.~'~'] Tlir a.dvaiitage of such a systeiii is that the par- 
ticles are easily observable by polarizing microscopy since the size of the 
water droplets is of the order of a micron. Furthermore, the aiiclioring of 
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the liquid crystal moleciiles 011 tlie surfaces of tlie droplets is coiitrollable 
via tlie surfactant. Tlie most strikiiig feature, froiii a theoretical point 
of view, is that inverted eiiiulsioiis provide a11 ideal laboratory for tlie 
investigation of topological defects. 111 iiiverted eiiiulsions point defects, 
also called hedgehogs, occur. When a water droplet with homeotropic, 
ic., perpendicular anchoring of tlie director at its surface is placed into a 
uniformly aligned iieiiiatic liquid crystal, a hyperbolic hedgehog is nucle- 
ated. The droplet and its tightly bound coinpanion defect provide a key 
unit for our imderstaading of inverted neinatic emulsions. We will call it 
a dipole for short becaiise of its dipolar symmetry. A plieiioiiieiiological 
theory predicts that tlie dipole couples to a splay deforiqatioii in tlie di- 
rector field.[2*G] Two parallel dipoles are attracted via a long-range dipolar 
interactioii which explains tlie observed chaining of water droplets. 

I 

FIGURE 1 
water droplets in a large iiematic drop. 

In our numerical iiivestiga.tioii we consider multiple iieiiiatic eiiiul- 
sioiis where the nematic host fluid coiitaiiiiiig the water droplets is coiifined 
to large ueiiiatic drops, which, in tiini, are siirroiiiided by water. Tlie wa- 
ter droplets foriii chaiiis with a hyperbolic hedgehog situated between two 
droplets. In the experiment it was fouiid that tlie distalice d of the point 
defect froiii the surface of a water droplet scales with the radius I' of tlie 
droplet liked x 0.3 v.[3,6] In tlie following we will call this relation tlie scal- 
ing law. A possible explaiiation for the cliaiiiiiig, as in a uniformly aligned 
sample, could be the presence of a dipole. Oiie water droplet fits perfectly 
into the center of a large 1ieiii;itic drop. Ally additional water droplet has 
to be accompanied by a hyperbolic hedgehog for topological reasons. If 

Coorclinate fraiiie aiid geometry parameters for two 
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INVERTED NEMATIC EMULSIONS [989]/377 

the dipole foriiis, it is attracted by the strong splay deformation in the 
center, until a short-range repulsion iiiediated by the defect sets in. 

GEOMETRY AND NUMERICAL METHOD 

111 our article we iiuiiierically investigate a particular geometry of axial 
symmetry. Ac,cordiiig to Fig. 1 we consider two spherical water droplets 
with respective radii p - 1  a.nd 1'2 in a large nematic drop with radius ~'3. Due 
to tlie axial symmetry both tlie water droplets axid the hyperbolic hedge- 
hog are always located on the z axis. We employ a cylin+ical coordinate 
system. Tlie coordinates zl, z2, and zd denote, respectively, the positions 
of tlie centers of tlie droplets aiid of tlie liyperbolic hedgehog on the z 
axis. Tlie distances of the hedgehog from tlir surfaces of the two water 
droplets are, respectively, dl and d2. 
We, furtheriiiore, restrict tlie nematic: director to the ( p ,  z) plane, wliicli 
means that we do not allow for twist deformations. The director is ex- 
pressed in the local coordinate basis ($, i), 

n ( p ,  z )  = Sil l  O(p,  z) $ + cos @ ( p ,  z) i , (1) 

where we iiitroclucecl the tilt ar~gle 6). At all the boundaries we assume a 
rigid hoiiieotropic anchoring of tlir director, wliicli allows 11s to omit any 
s1irfac.e term in the free energy. 

111 order to find tlie eqiiilibriiim director field the reduced Oseeii- 
Zocher-Frank free energy['] 

with the rrdiired frrr energy ilriisity 

(3) 
1 
2 

+- ( @ z  c.os @ + (3, sin @)' , 

is minimized. In Eqs. (2) and (3) all leiigtlis are given in units of a cliar- 
acteristic scale a ,  typically several microns, and R11 = ICll/IC33 is the 
ratio of the splay and the bend elastic constant. Accordingly, tlie re- 
duced free energy F is iiieasiired in iinits of I(3.7n. The indices p and z 
indicate, respectively, partial derivatives a / a p  a d  a / a z .  Because of the 
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nontrivial geometry of our problem we decided to employ the method of 
finite elements["], where the integration area i s  d with triangles. In 
the area betwan the small spheres we chow a refined grid to account 
for the strong director deformations close to the point defect.[*] To b d  
a minimum of the free energy we start with a configuration where the 
hyperbolic point defect is located at zd  and let it relax via the standard 
Newton-Gauss-Seide. method. During the relaxation the padtion Zd of 
the point ddect does not change. 

All our calculations are performed for the nematic liquid aystal 
pestylcyanobiphesyl (5CB), for which the experiments were d01d'~~). It 
has a b a d  elastic mnstaut 1;s = 0.53 x 10'sdyn and a scaled splay 
elastic constant = K1t/IisJ = 0.79. We choose rs = 7, rill = 0.5.. .2 
for the raclii, aud b = 0.195 for the lattice constaut of the grid. With such 
parameters we obtain a lattice with 2200-2500 vertices. 

RESULTS AND DISCUSSION 

Iu this section we present some selw.ted results from our numerical inveeti- 
gati~ns.[~] We start with the search for the minimumese.rgy configuration. 
In Fig. 2 we plot tho wlucd  free energy F as a function of the distance: 
dl + 4 between the surfaces of the small spheres, which are placed sym- 
metrically about the center, i.c., z2 = -21. Their radii are rl = 1'2 = 1. 

160 

146 

140 

F 136 

130 

128 

120 

FIGURE 2 The free energy F as a function of the distance 
dl + 4 between the siudl spheres which are placed symmetrically 
about 2 = 0 (rl = 1'2 = 1). Curve 1: Zd = 0, Curve 2 position 2d of 
the defect can relax dong the z axis. 

C w e  1 shows a clew iiiiniiiiuin at t i t  + d2 = 0.7, the defect stays 
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INVERTED NEMATIC EMULSIONS (99131379 

in the middle betweeii the two spheres at %d = 0. In curve 2 we move the 
defect aloiig the z axis aiid plot the iiiiiiiiiium free energy for each fixed 
distaiice d1 + dz. It is obvious that beyond d1 + d j  = 2 the defect inoves to 
one of tlie siiiall spheres. Before we iiivestigate this result in iiiore detail 
we first address the scaling law. 

? 1.6 . ' 1. ...D-- 

3: .... +-.. 

./' , 14 

0.4 - 
0 '  I 

0.2 0.3 0.4 0.5 0.6 

4 I rl 

FIGURE 3 The free eiiergy F - Fl,lill as a fuiictioii of dl /rl  = 
d 2 / r 2 .  The siiiall spheres are placed syiiiiiietrically about z = 0. 
Curve I: t'l = 1'2 = 0.5, curve 2: 1'1 = r2 = 1, and curve 3: 
1'1 = 1'2 = 2. 

h Fig. 3 we take three iliffrreiit radii for the siiiall spheres, 1'1 = 
1'2 = 0.5,1,2,  and plot the free eiiergy versus dl / T I  close to the minimum. 
(Racall that di is the distance of tlie hedgehog froiii tlie surface of sphere 
1.) Since for such siiiall distances dl +dz the defect always stays at zd = 0, 
i . e . ,  in the iiiiddle between the two spheres, we have d 1 / q  = &/t . z .  The 
quaiitity F,,,i,, refers to the miniiiium free energy of each curve. For each 
ratio we obtain ail energetically preferred distance dl /rl in the raiige of 
[0.3, 0.351, which a.grees well with tlie experimental valiie of 0.3. 

When we move the two spheres with radii v1 / i  = 1 together in the 
same direction along the 3 axis, tlie defect always stays in  the middle 
Between tlie droplets aiitl obeys tlie scaling law. We have tested its validity 
within the raiige [0,3] for tlie defect position zd. Of course, tlie absolut 
riiiniiiiuiii of tlie free energy o(:ciirs in the syiiiiiietric position of the two 
droplets, zz = -21. 

We further clieck tlie scaling law for 1'1 # 1'2.  We investigate two 
cases. Wheii we choose q = 2 mid 1.2 = 0.6, we obtain d1/2 x 0.31'1/2. 
In the second cast., 1'1 = 2 n.iid t'z = 1, we fiiid dl x 0.371.1 aiid dz = 
0.31.2. As observed in the experiment tlie defect sits always closer to 
the smaller sphere. Tlirrr is 110 strong tleviatioii froiii the scaling law 
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dl/a = (0.325 f 0.025) + I / . ,  although we would allow for it, since rl # ra. 
Now we turn to the question if the dipole formed by one water droplet 

and a companion hyperbolic point defect has a meaning in our geometry. 
To auswer this question we place sphere 2 with radius ra = 1 in the center 
of the nematic drop at za = 0. Then, we detemnine the energetically 
p d d  position of the point ddect for different locations 21 of sphere 1 
(rl = 1). The position of the hedgehog is indicated by A = (da -&)/(dl + 
a). If the ddect is located ia the middle between the two spheres, A is 
zero since dl = da. On the other hand, if it sits at the surface of sphere 
1, A is one since dl = 0. In Fig. 4 we plot the free energy F versus A. 
In curve 1, where the small spheres are farthest apart from each other 
(21 = 5), we clearly find the defect close to sphere 1. This verifies that 
the dipole is existing. It is themially stable, siuce a rough estimate of the 
thermally induced iuem displacement of the defect yields 0.01(61. When 
sphere 1 is approaching the center (curves 2 and 3), the defect m o w  away 
fram the droplet until it nearly reaches the middle between both spheres 
(curve 4). This means, the dipole vanishes gradually until the hyperbolic 
hedgehog is shared by both watm droplets. 

-1 -0.5 0 0.5 1 

A = (dz-d ,  ) I  (d ,  + 4)  

FIGURE 4 The free '?uergy F as a function of the reduced 
coordinate A = (dz - dt)/(d~ + da). Sphere 2 is placed at za = 0. 
The position ZI of sphere 1 is the parameter. Curve 1: zl = 5, 
curve 2 zl = 4, curve 3 21 = 3.5, curve 4: zl = 3. The radii are 
rl = ra = I. 

An intarsting situation occurs when sphere 1 and 2 are placed sym- 
m e t t i d y  about z = 0. Then, the detect has two equivalent positions 
on the positive and negative part of the I axis. h Fig. 5 we plot again 
the ftee energy F versus the position A of the defect. Rom curve 1 to 3 
the minimum in F beconies broader and more shallow. The defect moves 
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INVERTED NEMATIC EMULSIONS [993]/3 8 1 

closer towards the center until at around zl = -z2 = 2.3 (curve 4) it 
reaches A = 0. This is reiiiiiiisceiit to a symmetry-breaking second order 
phase wliicli occurs when, in the course of moving the water 
droplets apart, the dipole starts to form. We take A as an order param- 
eter, where A = 0 and A # 0 describe, respectively, the high- mid the 
low-symmetry p h ~ e .  A Landau expansion of the free energy yields 

- 
F ( A )  = Fo(z1) + 4 2 3  - zl]A' + c(z1)A4 , (4) 

where zl = -z2 plays the role of tlir teinperatiire. C)dd powers in A are 
not allowed bec.ai.ise of the reqiiired syiiiiiietry F ( A )  = P(-A) .  This free 
energy qiialitatively drscribrs the curves in Fig. 4. 

150 

145 

B 140 

135 

130 

125 
0 0.2 0.4 0.6 0.8 1 

A = (dz -  d ,  ) I  (d, + dz 

FIGURE 5 The free energy F a.s a function of the reduced 
coordinate A = (& - dl)/(dl + d 2 ) .  The siiiall spheres are placed 
symmetrically about z = 0. Curve 1: z1 = -22 = 4, curve 2: 
zl = -z2 = 3, wrvr 3: z1 = - 3 2  = 2.5, ciirve 4: z1 = -22 = 2.3, 
curve 5: zl = - 3 2  = 2. Tlie r d i i  are rl = t'l = 1. 
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